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Abstract

The term structure of American interest rates is filtered to reduce the influence of cross

correlations and auto correlations on its factors. A three-factor model is fitted to the filtered

data. Contrary to most studies of the term structure on monthly data, performing statistical

tests we collect empirical evidence that factor loadings are unstable through time for our daily

dataset. This finding is not due to the presence of outliers.

Keywords: factor analysis, FGD, robust regression, term structure.

JEL classification codes: C12, C14 and C51.

Introduction

Factor analysis and (common) principal components analysis are data exploration techniques

that attempt to capture the correlation structure of a large number of original variables with

a small set of common factors, in order to reduce the dimensionality of the vector space of

the original variables. In the last decade, they have been applied by a number of researchers

to provide some insight into the number and the nature of the common factors needed to

accurately describe the dynamic evolution of the term structure of interest rates. Most studies

tend to support the conclusion that three factors are sufficient to explain most of the spot

interest rate variability; see for example Stambaugh (1988), who used the generalized method of

moments to examine the number of factors in the term structure of Treasury bills, Steeley (1990)

or Carverhill and Strickland (1992) for the use of principal components analysis to study the

U.K. and the U.S. term structure, and Litterman and Scheinkman (1991) for a factor analysis of

the U.S. term structure. Moreover, the majority of the studies also agree on the interpretation

of the first three factors (or components) as a parallel shift of the term structure, a change in

its steepness and a change in its curvature, respectively.

A critical reexamination of classical results of factor analysis of interest rates has been pro-
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posed by Leikkos (2000). In his article, he develops a model to demonstrate that the standard

results of factor analysis of interest rates presented in the literature mentioned above, are a

statistical artifact created by the restrictions posed by the no-arbitrage hypothesis on the cor-

relation matrix of spot interest rates.

Other researchers empirically tried to answer the question whether the factor decomposition

obtained from a factor analysis of the term structure of interest rates is stable through time.

To this purpose, Bliss (1997) divided his sample into three subperiods an noticed that although

the volatility of the factors vary across subperiods, the factor loadings show a consistent pattern

across different subperiods. Phoa (2000) and Chapman and Pearson (2001) also found in their

empirical investigations that the factor decomposition of the U.S. term structure seems to be

robust through time.

As it appears empirically that the factor loadings remain fairly constant across subperiods

but the volatility of the factors fluctuate over time, more recent studies propose the use of

methodologies based on common principal components analysis to estimate the factors driving

the term structure of interest rates in the presence of a time-varying covariance structure. In this

context, Perignon and Villa (2002) associate for the first time groups to successive time periods.

In their empirical investigations on monthly bond yield changes from the Fama Treasury Bill

Term Structure CRSP files and the Fama-Bliss Discount Bonds CRSP files, they also found

that the variance accounted for by the first three factors changes substantially from subperiod

to subperiod, that volatility of the factors fluctuate extensively trough time and that, since factor

loadings are fairly constant across subperiods, the factor structure do not change appreciably.

Analogous results were found by Diebold and Li (2002) in a different setting, i.e. the Nelson-

Siegel framework, for the forecast of the U.S. term structure of government zero-coupon bond

yield levels and changes on a monthly frequency.
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Unfortunately, the conclusion that a factor decomposition or a (common) principal compo-

nents decomposition is robust through time given in the above mentioned studies is not supported

by statistical formal tests. In this paper, we present and perform statistical tests investigating

the time-robustness of factor decompositions of the term structure of interest rates.

Contrary to most studies, we perform the factor analysis on independent innovations filtered

from the series of (standardized) interest rate changes. There are different reasons for not using

directly interest rate levels or changes. The first one is that interest rate levels are highly cross-

correlated. The effect is that factor analysis will consider most of the information embodied in

the term structure as redundant. Hence a single trend variable is sufficient to account for the

total variance. Taking the differences reduces the correlation between interest rates and allows

to better study the factors influencing interest rate movements. An other equally important rea-

son is that interest rate levels are highly autocorrelated, non-stationary and their distribution

appear to be slightly leptokurtic. On the other hand, interest rate changes are stationary, their

distribution appear to be more leptokurtic and the autocorrelation are drastically reduced, al-

though the autocorrelation is not completely removed by differencing. The use of non-stationary

variables in a factor analysis increases the importance of the first factor since a trend component

is captured and may lead to a spurious analysis. Although the excess kurtosis does not affect

the analysis, time dependence affects clearly the estimation, because one of the assumptions

inherent in factor analysis is that the data under consideration represent random, independent

samples from a multivariate distribution. For all these reasons, we filter in a first step the auto-

correlation left in the series of interest rate changes using a non-parametric diagonal VAR-type

model.

In a second step we perform a classical three factor analysis of the independent filtered inno-

vations. Then we divide the period under consideration in four different subperiods analogously
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to Perignon and Villa (2002). For each maturity we regress the innovation series using as pre-

dictors the vectors of factor scores multiplied by the corresponding factor loadings and some

dummy variables and we perform tests based on the hypothesis that the regression coefficients

(loadings) in the different subperiods are equal (or in other words that coefficients of the dummy

variables are equal to zero). Using this strategy we are able to detect eventual structural breaks

in the coefficients.

In contrast with the common belief and the empirical results found by Perignon and Villa

(2002) and Diebold and Li (2002) for monthly data, in our empirical investigation for daily U.S.

zero-coupon bond yields at 30 different maturities from 1 year to 30 years (from the J.P. Morgan

database), we get that factor loadings are not stable through time. We find that the null-

hypothesis of equal coefficients for the (adjusted) factor scores in the different subperiods is

rejected in most cases. In particular, the results of our tests indicate that the factor loadings

of the first and second factor are not robust through time at intermediate maturities (between

11 years and 20 years). Furthermore, the loadings of the first factor in the different subperiods

are not robust through time also at long maturities (longer than 20 years). For short maturities

time-instability is also detected but no general conclusion for the different factors is possible.

The rest of the paper is organized as follows. In Section 1 the model used to filter the data

and the estimation algorithm are outlined. The statistics constructed to test the time robustness

hypothesis of the factor loadings is presented in Section 2 and the results obtained by applying

it to the data set under study are reported in Section 3.

1 Filtering the data

This section describes the multivariate model we use to filter the autocorrelation in the series of

interest rate changes at different maturities. In addition, we present a computationally feasible
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estimation algorithm and a model selection procedure that can be applied to it.

1.1 Starting point

The multivariate real data of interest are time series of (standardized) interest rate changes at

different maturities

{xt,Ti =
rt,Ti − rt−1,Ti

rt−1,Ti

; t = 1, . . . , n, i = 1, . . . , d}, (1.1)

where rt,Ti denotes the spot interest rate on day t at maturity Ti. We assume stationarity of

rt,Ti .

Our goal is to filter the autocorrelation of the process {xt} of interest rate changes by consid-

ering the whole term structure dynamics (i.e. looking simultaneously at all available maturities),

such that a standard factor analysis can be then applied to the filtered data. To this purpose,

we consider a non-parametric diagonal VAR-type model in connection with a Functional Gra-

dient Descent (FGD) estimation of the multivariate conditional mean µt = E[xt | Ft−1] of

xt = (xt,T1 , . . . , xt,Td
)T , where Ft−1 denotes the information available up to time t − 1, i.e. the

σ-algebra generated by {xs; s ≤ t− 1}.

In our model, the dynamics of the conditional mean are specified by

xt = µt + ξt, µt = (µt,1, . . . , µt,d)T ,

µt,i = Gi({xt−j,Tk
; j = 1, 2, . . . , k = 1, . . . , d}), i = 1, . . . , d, (1.2)

where we assume that {ξt}t is a sequence of i.i.d. multivariate Gaussian innovations having mean

zero and covariance matrix Cov(ξt) = Vt.

The functional form for the conditional means in (1.2) allow clearly for cross-terms, since

they depend on past multivariate observations. This is one of the nice features of such a non-

parametric diagonal VAR-type model and is motivated by from the fact that time series of
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interest rate changes are correlated and one series can be influenced and better predicted using

the past information from others.

As Audrino and Bühlmann (2003) have already shown, an adapted procedure based on FGD

technique (Friedman et al., 2000 or Friedman, 2001) can be a powerful strategy to construct

computable and reasonably good estimates and predictions for the multivariate conditional

mean µt and volatility matrix Vt also in large dimensions d, overcoming the well-known curse of

dimensionality problem.

All details about the use of FGD for estimating the multivariate conditional mean µt in the

general model (1.2) are presented in the next section.

1.2 Conditional mean estimation using Functional Gradient Descent

We propose FGD for estimating the conditional mean functions Gi(·) in (1.2), where we restrict

Gi(·) : Rpd → R with p finite, i.e. involving the first p lagged multivariate observations. The

main idea of FGD is to find the estimates for the functions Gi(·) which minimize a suitable loss

function λ, under the constraint which requires that the solutions Ĝi(·) are additive expansions of

”simple estimates”. These ”simple estimates” are given from a statistical procedure S, called the

base learner, which is often constructed from a (constrained or penalized) least squares fitting;

common examples of base learners are regression trees, projection pursuit or neural nets. For

more details, we remand to Friedman et al. (2000), Friedman (2001), Audrino and Bühlmann

(2003) or Audrino and Trojani (2003).

Analogously to Audrino and Bühlmann (2003) we have that the (multivariate) negative

log-likelihood (conditional on the first p observations) in the model (1.2) is given by

−
n∑

t=p+1

log
(
(2π)−d/2det(Vt)−1/2 exp(−ξT

t V −1
t ξt/2)

)
, (1.3)
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with ξt = xt − µt = xt −G(xt−1
t−p) and n′ = n− p. For this reason a natural loss function is

λV (y,g) =
1
2
(y − g)T V −1(y − g) +

1
2

log(det(V )) +
d

2
log(2π),

y − g = (y1 − g1, . . . , yd − gd)T , (1.4)

where the term d log(2π)/2 is constant and could be dropped. As pointed out with the subscript,

the loss function λV depends on the unknown conditional covariance matrix V . We assume that

the conditional covariance matrix dynamics follow a multivariate constant conditional correla-

tion (CCC) GARCH model1 (Bollerslev, 1990). Then, the FGD algorithm will be constructed

iteratively by estimating V and using the loss function with the estimated V to get an estimate

for all Gi’s.

Details of the implied FGD algorithm are presented below.

Algorithm: Estimating conditional means

Step 1 (initialization). Choose appropriate starting function Ĝi,0(·)2. Denote by

Ĝi,0(t) = Ĝi,0(xt−1,xt−2, . . .), i = 1, . . . , d.

Estimate V̂
(0)
t as in (4.1) using Ĝ0. Set m = 1.

For every component i = 1, . . . , d, do the following.

Step 2i (projection of component gradients to base learner).

Compute the negative gradient

Ut,i = −
∂λ

V̂
(m−1)
t

(xt,G)

∂Gi
|G=Ĝm−1(t), t = p + 1, . . . , n.

1FOOTNOTE 1
2FOOTNOTE 2
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Then, fit the negative gradient vector Ui = (Up+1,i, . . . , Un,i)T with a base learner, using always

the first p time-lagged predictor variables (i.e. xt−1
t−p is the predictor for Ut,i)

ĝm,i(·) = SX(Ui)(·),

where SX(Ui)(x) denotes the predicted value at x from the base learner S 3 using the response

vector Ui and predictor variables X.

Step 3i (line search). Perform a one-dimensional optimization for the step-length,

ŵm,i = argminw

n∑

t=p+1

λ
V̂

(m−1)
t

(xt, Ĝm−1(t) + wĝm,i(xt−1
t−p)),

where Ĝm−1(t)+wĝm,i(·) is defined as the functions which are constructed by adding in the ith

component only.

(Note that the line search guarantees that the negative log-likelihood is monotonely decreasing

with every iteration.)

Step 4 (up-date). Select the best component as

i∗m = argmini

n∑

t=p+1

λ
V̂

(m−1)
t

(xt, Ĝm−1(t) + ŵm,iĝm,i(xt−1
t−p).

Up-date4

Ĝm(·) = Ĝm−1(·) + ŵm,i∗m ĝm,i∗m(·).

Then, compute the new estimates V̂
(m)
t according to (4.1) using Ĝm.

Step 5 (iteration). Increase m by one and iterate Steps 2–4 until stopping with m = M . This

produces the FGD estimates for conditional means

ĜM (·) = Ĝ0(·) +
M∑

m=1

ŵm,i∗m ĝm,i∗m(·).

3FOOTNOTE 3
4FOOTNOTE 4
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Having a stopping rule for Step 4 is important. Our stopping criterion can be viewed as a

regularization device which is very effective in complex model fitting. We choose the stopping

value M with the following scheme: we split the (in-sample) estimation period into two sets, the

first of size 0.7 · n used as training set and the remaining period used as test set (this can also

be used when the data are dependent). The optimal value of M is then chosen to optimize the

cross-validated log-likelihood. Empirical studies by Audrino and Bühlmann (2003) have already

shown that estimating M by the simple 70%-30% cross-validation scheme works well.

The filtered innovations are then constructed as

ξ̂t = xt − µ̂t = xt − ĜM (t), t = p + 1, . . . , n. (1.5)

2 Test description and implementation

We perform a classical maximum likelihood three factor analysis (FA) on the filtered innovations,

ξ̂t, obtained applying the model described in Section 1 and estimated via FGD.

The classical FA model with three factors is

ξ̂t,Ti =
3∑

j=1

LTi,jFt,j + εt,Ti

where L are the factor loadings, F are the common factors scores and ε are the errors (or specific

factors).

Analogously to Perignon and Villa (2002) we then divide the period under consideration in

four not overlapping subperiods of equal length (only the last subperiod has an extra observa-

tion). Let S1 be the first subperiod, that is S1 = {t : t = 1, · · · , n1}, S2 be the second subperiod,

from t = n1 + 1 to t = n1 + n2 and so on, so that we have 4 subperiods, Sl, with l = 1, 2, 3, 4.

For each maturity, Ti we perform a robust linear regression using an M-estimator where

fitting is done by iterated re-weighted least squares (Hampel et al., 1986) with the innovation
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series, ξ̂t,Ti , as dependent variable and using as predictors the vectors of factor scores multiplied

by the corresponding factor loadings, F̃t,j = LTi,jFt,j , and dummy variables constructed as

follows:

Dl(t,j) =





0 if t /∈ Sl

F̃t,j o.w.

The linear regression model we estimate with robust procedures is thus:

ξ̂t,Ti =
3∑

j=1

αjF̃t,j +
∑

l∈∆

3∑

j=1

βl,jDl(t,j) + ηt,Ti

where ∆ is either one of the sets (1, 2, 3); (1, 3, 4); (2, 3, 4); (1, 2, 4).

To check the stability over time of the factor loadings we perform a robust test to verify the

null hypothesis that the coefficients of the dummy variables are equal to zero which implies that

the regression coefficients (loadings) in the different subperiods are equal.

To construct the test statistics we estimate the robust variance-covariance matrix, Σ, follow-

ing White (1980), by

Σ̂ =
n∑

t=p+1

η2
t,Ti

BBT

where B is a t× 12 matrix constructed by combining into a single matrix F̃ and Dl for l ∈ ∆,

so, for example, if ∆ = (1, 2, 3) then

B = [F̃ D1 D2 D3].

The test statistics is obtained dividing the estimated regression coefficient of the dummy

variable by the corresponding estimated standard deviation,
√

σii, where σii is the i-th element

on the diagonal of Σ.

Upon rejection of the null hypothesis we conclude that the corresponding factor is not stable.
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3 Empirical Results

We show and comment here the results of the tests introduced in Section 2 for a thirty-

dimensional real data example.

3.1 Data and filtered innovations

In our empirical investigation we use daily U.S. zero-coupon bond yields at d = 30 different

maturities from 1 year to 30 years (from the J.P. Morgan database). The time period considered

is between January 2, 1986 and May 10, 1995 (without holidays), therefore we have that n =

2330. In Figure 1 and Table 1 we provide a three-dimensional plot for our term structure data

and we present descriptive statistics for the daily yields, respectively.

FIGURE 1 AND TABLE 1 ABOUT HERE.

As expected, from Table 1 it is clear that the average yield curve is upward sloping and that

long rates are less volatile than short rates. On the contrary to standard results for monthly

yields (see for example Diebold and Li, 2002), short rates seem to be more persistent than long

rates using daily data. For all maturities, we have that the sample autocorrelations are very

high.

Now, we will focus our attention on the filtered innovations ξ̂t in (1.5), computed using the

method presented in Section 1 based on a FGD estimation of the conditional mean functions.

To this purpose, we consider in the estimation only the last past lagged multivariate observa-

tion as predictor, i.e. p = 1. Three-dimensional plots and descriptive statistics for the filtered

innovations are provided in Figure 2 and in Table 2, respectively.

FIGURE 2 AND TABLE 2 ABOUT HERE.

As Figure 2 clearly shows, we identify and eliminate an outlier corresponding to the 20th of
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October 1987. As we expect, the sample autocorrelations of the filtered innovations summarized

in Table 2 are very small, saying that the model presented in Section 1 based on FGD has done

a good job.

At this point, we are able to perform a classical three factor analysis of the filtered innovations

and to investigate the time-robustness of factor loadings. This is done in the next section.

3.2 Time-robustness results

Let n1 = n2 = n3 = 582 and n4 = 583 in our empirical analysis5. In Tables 3 and 4 we show the

value of the test statistics computed as outlined in Section 2 for two representative maturities: 11

years (representative for intermediate maturity) and 30 years (representative for long maturity).

TABLES 3 AND 4 ABOUT HERE.

We obtain similar results also for all other intermediate (10-20 years) and long (20-30 years)

maturities. We present 4 tables for each representative maturity, each table uses a different

subset of the 4 dummy variables following the order: ∆ = (2, 3, 4); (1, 3, 4); (1, 2, 4), (1, 2, 3). In

the tables, a * indicates when the null hypothesis is rejected at a significance level of 5%, while

** are used for a 1 % significance level. In contrast with the common belief and the empirical

results found by Perignon and Villa (2002) and Diebold and Li (2002) for monthly data, we get

that in our daily data example factor loadings are not stable through time. We find that the

null-hypothesis of equal coefficients for the (adjusted) factor scores in the different subperiods is

rejected in most cases. In particular, the results of our tests indicate that the factor loadings of

the first and second factors are not robust through time at intermediate maturities. Moreover,

we find that the factor loadings of the first factor in the different subperiods are also highly

unstable at long maturities.
5FOOTNOTE 5
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In Table 5 we show the value of the test statistics computed as outlined in Section 2 for a

representative short maturity of 5 years.

TABLE 5 ABOUT HERE.

As Table 5 show, for short maturities time-instability is also detected but from our dataset no

general conclusion for the different factors is possible.

4 Conclusions

The results of classical studies of the term structure are affected by the cross correlations and

autocorrelations of interest rates. These correlations increase the explanatory power of the

first factor, reflecting the non-stationary trend of interest rates. Our multivariate filtering,

based on FGD, produces innovations more amenable to formal statistical testing. Although we

allow for conditional heteroscedasticity of factors and interest rates, factor loadings appear to

fluctuate through time. In particular, the first and the second factor are unstable at intermediate

maturities and the first factor is also unstable at long maturities. Our results are not due to a few

anomalous observations or to a particular choice of the subperiods used in the test. Therefore

they cast doubt on the suitability of modelling interest rate risk through a small number of

common factors.
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FOOTNOTE 1:

We assume that

Vt = DtRDt,

Dt = diag(σt,1, . . . , σt,d), R = [ρij ]di,j=1. (4.1)

In this model, the parameter ρij = Corr(xt,Ti , xt,Tj |Ft−1) equals the constant conditional corre-

lation and hence −1 ≤ ρij ≤ 1, ρii = 1. Moreover, the individual conditional variances σ2
t,i are

assumed to follow a GARCH(1,1) model

σ2
t,i = α0,i + α1,i(xt−1,Ti − µt−1,i)2 + βiσ

2
t−1,i, i = 1, . . . , d.

It follows that the empirical criterion (1.3) and the loss function (1.4) can be further simplified

as

n∑

t=p+1

(
log(det(Dt)) +

1
2
(D−1

t ξt)T R−1(D−1
t ξt)

)
+ n′d log(2π)/2 + n′ log(det(R))/2 and

λR(y,g) = log(det(D) +
1
2
(D−1(y − g))T R−1(D−1(y − g)) +

1
2

log(det(R)) +
d

2
log(2π),

respectively. Estimation of the correlation matrix R can be easily done via empirical moments

of residuals having (previous) estimates Ĝ = (Ĝ1, . . . , Ĝd) and D̂t = diag(σ̂t,1, . . . , σ̂t,d).

FOOTNOTE 2: Initialization is important to achieve good estimates. As a starting func-

tion, we propose to use the fit from a diagonal parametric VAR(1) model.

FOOTNOTE 3: The base learner clearly determines the FGD estimates ĜM (·). This

should be “weak” (not involving too many parameters to be estimated) enough not to immedi-

ately produce an over-fitted estimate at the first iteration. The complexity of the FGD estimates

ĜM (·) is increased by adding further terms with every iteration. We choose decision trees as

base learners, since particularly in high dimensions, they have the ability to do variable selection

by choosing few of the explanatory variables for prediction.
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FOOTNOTE 4: It is often desirable to make a base learner sufficiently “weak”. A simple

but effective way to reduce the complexity of the base learner is via shrinkage towards zero. The

up-date is then replaced by

Ĝm(·) = Ĝm−1(·) + ν · ŵm,i∗m ĝm,i∗m(·). (4.2)

Obviously, this reduces the variance of the base learner by the factor ν2.

FOOTNOTE 5: Note that the results do not depend from this particular choice of the

subperiods. We obtain similar results also when dividing the data sample in subperiods of other

different (not necessarily equal) lengths.
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Figure 1: Three-dimensional plot of the term structure data: the sample consists of 2330 daily

yield data for the time period between January 2, 1986 and May 10, 1995 at all yearly maturities

from 1 year up to 30 years.
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Figure 2: Three-dimensional plot of positive (left) and negative (right) filtered innovations: the

sample consists of 2330 daily yield data for the time period between January 2, 1986 and May

10, 1995 at all yearly maturities from 1 year up to 30 years.
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Maturity Mean St. Dev. Minimum Maximum ρ̂(1) ρ̂(20) ρ̂(50)

1 year 6.359 1.753 2.923 10.01 0.999 0.976 0.927

2 years 6.745 1.571 3.662 9.943 0.999 0.971 0.913

3 years 7.036 1.423 4.033 9.892 0.999 0.965 0.896

5 years 7.445 1.211 4.625 9.948 0.998 0.953 0.869

7 years 7.733 1.087 5.005 10.20 0.997 0.944 0.852

10 years 7.960 0.953 5.455 10.36 0.997 0.931 0.826

15 years 8.238 0.833 6.004 10.55 0.996 0.913 0.793

20 years 8.323 0.731 6.341 10.56 0.995 0.895 0.750

25 years 8.364 0.704 6.442 10.58 0.994 0.887 0.729

30 years 8.393 0.716 6.399 10.63 0.994 0.887 0.727

Table 1: Summary statistics for the daily yields at some significant maturities. The sample

consists of 2330 daily yield data for the time period between January 2, 1986 and May 10,

1995. St. Dev. and ρ̂(x) mean sample standard deviation and sample autocorrelation at lag x,

respectively.
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Maturity Mean St. Dev. Min Max MAE RMSE ρ̂(1) ρ̂(20) ρ̂(50)

1 year 0.011 1.146 −5.758 5.600 0.809 1.145 0 0.069 −0.040

2 years 0.011 1.042 −5.828 4.915 0.744 1.041 0 0.043 −0.023

3 years 0.011 0.990 −4.959 4.372 0.712 0.990 −0.006 0.027 −0.013

5 years 0.012 0.922 −3.785 3.766 0.673 0.922 −0.009 0.006 −0.011

7 years 0.013 0.890 −4.030 3.679 0.652 0.890 −0.015 −0.004 −0.010

10 years 0.013 0.830 −3.580 3.628 0.612 0.830 −0.014 −0.004 −0.016

15 years 0.013 0.805 −3.645 3.411 0.589 0.804 −0.004 0.008 −0.008

20 years 0.012 0.775 −3.391 3.469 0.569 0.774 0.002 0.017 −0.021

25 years 0.011 0.772 −3.484 3.664 0.566 0.772 0.007 0.024 −0.028

30 years 0.012 0.785 −3.561 3.797 0.574 0.785 0.008 0.029 −0.030

Table 2: Summary statistics for filtered innovations computed with the model presented in

Section 1, based on a multivariate FGD estimation of conditional mean functions, at some

significant maturities. The sample consists of 2329 daily yield data for the time period between

January 2, 1986 and May 10, 1995, where an outlier corresponding to the crash of the 20th of

October 1987 is recognized and eliminated. St. Dev. and ρ̂(x) mean sample standard deviation

and sample autocorrelation at lag x, respectively. MAE and RMSE are the mean absolute error

and the root mean squared error of the filtered innovations, respectively.
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∆ = {2, 3, 4} Factor 1 Factor 2 Factor 3

β2 − β1 1.9355* 0.2185 1.5120

β3 − β1 2.6241** 2.9234** 0.8650

β4 − β1 3.2641** 4.6435** 1.7167*

∆ = {1, 3, 4} Factor 1 Factor 2 Factor 3

β1 − β2 1.9355* 0.2185 1.5120

β3 − β2 0.7537 4.0820** 1.1870

β4 − β2 5.2656** 6.1944** 0.0887

∆ = {1, 2, 4} Factor 1 Factor 2 Factor 3

β1 − β3 2.6241** 2.9234** 0.8650

β2 − β3 0.7537 4.0820** 1.1870

β4 − β3 5.9242** 2.5117** 1.7583*

∆ = {1, 2, 3} Factor 1 Factor 2 Factor 3

β1 − β4 3.2642** 4.6435** 1.7167*

β2 − β4 5.2656** 6.1944** 0.0887

β3 − β4 5.9242** 2.5117** 1.7583*

Table 3: Value of test statistics described in Section 2 for all different ∆’s and a representative

intermediate maturity of 11 years. The value marked with one and two stars indicate a rejection

of the null hypothesis of equal factor loadings in the different subperiods at a significance level

of 5% and 1 %, respectively.
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∆ = {2, 3, 4} Factor 1 Factor 2 Factor 3

β2 − β1 1.9741* 1.0938 0.4942

β3 − β1 1.1139 0.6536 0.8242

β4 − β1 1.9271* 0.3882 1.0243

∆ = {1, 3, 4} Factor 1 Factor 2 Factor 3

β1 − β2 1.9741* 1.0938 0.4942

β3 − β2 1.9183* 0.4550 0.5650

β4 − β2 6.0531** 1.5297 1.0714

∆ = {1, 2, 4} Factor 1 Factor 2 Factor 3

β1 − β3 1.1139 0.6536 0.8242

β2 − β3 1.9183* 0.4550 0.5650

β4 − β3 5.3500** 0.5133 0.1005

∆ = {1, 2, 3} Factor 1 Factor 2 Factor 3

β1 − β4 1.9271* 0.3882 1.0243

β2 − β4 6.0531** 1.5297 1.0714

β3 − β4 5.3500** 0.5133 0.1005

Table 4: Value of test statistics described in Section 2 for all different ∆’s and a representative

long maturity of 30 years. The value marked with one and two stars indicate a rejection of the

null hypothesis of equal factor loadings in the different subperiods at a significance level of 5%

and 1 %, respectively.
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∆ = {2, 3, 4} Factor 1 Factor 2 Factor 3

β2 − β1 2.3637** 0.3367 0.9875

β3 − β1 2.5756** 1.9560* 2.7622**

β4 − β1 2.6809** 0.0943 0.7793

∆ = {1, 3, 4} Factor 1 Factor 2 Factor 3

β1 − β2 2.3637** 0.3367 0.9875

β3 − β2 0.6913 2.6337** 1.8801*

β4 − β2 0.9518 0.5300 0.2275

∆ = {1, 2, 4} Factor 1 Factor 2 Factor 3

β1 − β3 2.5756** 1.9560* 2.7622**

β2 − β3 0.6913 2.6337** 1.8801*

β4 − β3 0.2781 2.2282* 2.1052*

∆ = {1, 2, 3} Factor 1 Factor 2 Factor 3

β1 − β4 2.6810** 0.0943 0.7793

β2 − β4 0.9518 0.5300 0.2275

β3 − β4 0.2781 2.2282* 2.1052*

Table 5: Value of test statistics described in Section 2 for all different ∆’s and a representative

short maturity of 5 years. The value marked with one and two stars indicate a rejection of the

null hypothesis of equal factor loadings in the different subperiods at a significance level of 5%

and 1 %, respectively.
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